INTRODUCTION
Since some years, a growing interest in scattering of electromagnetic waves on more realistic geometries than represented by spheres and infinitely extended circular cylinders can be stated. In remote sensing, for instance, there is an urgent need to learn more about the scattering characteristics of hexagonal ice crystals which form basic constituents of cirrus clouds [1] [2] [3] [4] [5] [6] [7] [8] [9] . So far, ice crystals with moderate size-parameters, where ray-tracing techniques [10] [11] [12] can not be applied, have been modeled mainly by finitely extended circular cylinders or prolate/oblate spheroids [13] [14] [15] . Especially the exact Tmatrix method was used in these calculations. In recent years, FiniteDifference methods have been applied to infinite and finite hexagonal cylinders, like the Finite-Difference Time-Domain (FDTD) technique, for instance [17] [18] [19] . These methods have the conceptual disadvantage that a finite discretization volume is required. Therefore, absorbing boundary conditions must be introduced which allow only an approximate fulfillment of the non-local radiation condition. Moreover, orientation averaging becomes more complicated than in the T-matrix approach, and, it is known that spurious solutions can occur which have to be rejected in an additional process. These difficulties are overcome by the Discretized Mie Formalism (DMF) [20] . It was developed to deal with scatterers having non-separable boundary surfaces. In using the Method of Lines [21] to solve the Helmholtz equation belonging to the scattering problem, this method can be thought of as a synthesis of the well-known Mie theory and Finite-Difference methods. Like the Mie theory it analytically incorporates the regularity inside the scatterer and the radiation condition at infinity. As a result, the final calculation can be restricted to the surface of the scatterer only. Recently it could be shown that the limiting behaviour of the Method of Lines results in a generalization of the SVM applicable to scatterers having a boundary surface which does not coincide with a constant coordinate line in the coordinate system under consideration [22, 23] .
Infinitely extended cylinders are simpler in concept because they reduce the scattering problem to a two-dimensional one. However, they do not occur in nature. Therefore, deriving approximate solutions for finite cylindrical structures on the basis of the results for infinitely extended ones is a first step towards more realistic structures. A first application of this idea to circular cylinders was given in [24, 25] and is based on Huygens' principle. For that it is assumed that the surface fields on the mantle of a sufficiently long finite cylinder are approximately those of the infinite one, and that any contribution from the top and bottom faces can be neglected. However, only perpendicularly incident fields with respect to the cylinder axis have been considered. An extension to oblique incidence can be found in [26, 27] . In this paper, we will discuss the extension to non-circular cross-sections.
First, the scattered field of infinite cylinders with non-circular cross sections is calculated by use of the generalization of the SVM. This allows us to determine the surface fields exactly. Next, the vectorial formulation of Huygens' principle is used to derive an approximation of the scattered far field, and any related quantities of interest of the corresponding finite cylinder. In applying Huygens' principle, the surface integration over the actual mantle surface is replaced by an integration over the mantle of the smallest circular cylinder circumscribing the non-circular one. This allows an analytical calculation of the total surface integration and results in analytical expressions for the scattering amplitudes that can be readily implemented in computer programs. In a third part we will discuss the range of applicability of the approximation. This is achieved by a comparison with exact results for finite circular cylinders. Finally, results for finite hexagonal columns in different size parameter regions are presented.
SCATTERING ON INFINITE CYLINDERS WITH NON-CIRCULAR CROSS-SECTIONS

Formulation of the Problem in Cylindrical Coordinates
Throughout this paper we assume homogeneous, isotropic, and in general absorbing dielectric cylinders. Moreover, we will only consider monochromatic electromagnetic fields with a time-dependence e −jωt . The internal and scattered electromagnetic fields are decomposed into transverse electric (TE) and transverse magnetic (TM) parts with respect to the z -direction . {x , y , z } represent the coordinates of the body frame with z being the cylindrical axis. Each part can be derived from a scalar potential, Π e and Π m , so that the following relations hold in cylindrical coordinates:
Please note that in the outer region = 0 is assumed whereas = s + j s is used for the inner region. The potentials have to fulfill the scalar Helmholtz equation:
The incident field is given in the laboratory frame denoted by {x, y, z} . It propagates along the positive z-axis, i.e., we have
for the horizontal (h) and vertical (v) polarization if the xz-plane is taken as the reference plane. In analogy to three-dimensional scatterers, the orientation of the cylinder is described by the Eulerian angles of rotation {φ p , θ p , ψ p } which transform the laboratory frame into the body frame (see Figure 1 ). This transformation is expressed by 
with
After transition to cylindrical coordinates in the body frame we finally obtain for the components of the incident field: 
Now we can come to the crucial step of the analysis, the derivation of the characteristic equation system.
Application of the Separation of Variables Method to Non-Circular Cylinders
There exist different numerical approaches to analyze plane wave scattering on infinitely extended non-circular cylinders. Among them surface integral equation methods and the DMF are the most powerful ones, especially if orientation averaging becomes necessary [28] [29] [30] .
That's what happens in remote sensing applications, for instance. Recently it could be shown that the discretization procedure of the DMF can be avoided, and that the SVM can be used directly [22, 23] . The following treatment of the infinitely extended non-circular cylinder is based on this formulation. Applying the well-known separation ansatz to the Helmholtz equation (7)/ (8) provides the following series expansions for the scalar potentials belonging to the internal (index "int") and scattered (index "s") field:
h is the separation constant for z -separation, and it is related to the incident field as will be shown later. The Hankel functions of first kind fulfill the radiation condition in the outer region, and the Bessel functions ensure the regularity inside the scatterer. (19)- (22) together with (1)-(6) result in the corresponding expansions for the electromagnetic field components. To determine the unknown expansion coefficients a α , b α , c α , and d α the continuity conditions
of the tangential field components at the scatterer surface are of special importance. n denotes the outward directed unit normal vector, and is given by
for the non-circular and single-valued boundary surface R(φ ) . (23) and (24) can be rewritten into the four equations:
Next we insert all the field components derived above into equations (27)- (30) . In any practical calculation the expansion terms in (19)-(22) must be restricted to a finite number. Therefore, α runs from −ncut, . . . , ncut , where ncut has to be determined by appropriate convergence considerations. If we integrate each of the equations (27)- (30) with
with β also running from −ncut, . . . , ncut , we finally obtain the char-
to determine the unknown expansion coefficients. The elements of the block matrices in (32) are of the general form
with Z α being one of the functions M α , O α , Q α , R α , S α , T α , which are given by:
To fulfill the continuity conditions the z -dependence of the internal, scattered and incident field must be identical. Therefore
has to be used. The inhomogeneities on the right-hand side of (32) are nothing but the expansion coefficients of the tangential components of the incident field at the scatterer surface if expanded in terms of e jβφ , i.e., we have:
The only difference between the circular and non-circular cylinder is the fact that in the former case all block matrices of (32) become diagonal, due to the independence of Z α of the φ -coordinate . Then, the inversion of (32) can be performed analytically, and we obtain the well-known expansion coefficients of the circular cylinder. In the other case the block matrices become full matrices of the order (2ncut + 1) × (2ncut + 1) , and the inversion must be performed numerically. But, there exists the possibility to reduce the numerical effort. It can be shown that in a fixed column "α" of each block matrix in (32) the elements decrease with increasing distance |α − β| from the main diagonal. This is seen from relation (33) which can be interpreted as an expansion of Z α in terms of the functions e jnφ , with n = α − β . Therefore, each block matrix should be constructed in such a way that, starting with the main diagonal, the adjacent diagonals are added stepwise until convergence is achieved. Actual calculations have shown that only a few adjacent diagonals have to be taken into account if the boundary surface does not deviate too much from a circular one. Once the coefficients have been determined the electromagnetic field for the infinitely extended cylinder is given at any point in space. The components of the scattered field on the mantle of the smallest circular cylinder, circumscribing this non-circular one, read as follows:
with ξ = k 0 R min sin θ p . R min is the radius of the smallest circumscribing cylinder. These are the input quantities for our approximation we want to derive in the next chapter.
AN APPROXIMATE SOLUTION FOR SCATTERING ON FINITE NON-CIRCULAR CYLINDERS
For the following considerations, Huygens' principle serves as a starting point. It states that the electromagnetic fields are uniquely determined at any point in space if the tangential electric and magnetic field components on an arbitrary closed surface are given. In vector form it reads as follows (e.g., [31] )
In our specific problem E s ( r ) represents the scattered field of the finite cylinder we are looking for. Consequently, the tangential surface fields [ n × E surf ( r )] and [ n × H surf ( r )] , occurring on the right hand side of (53), are those of the finite structure. According to [24] [25] [26] [27] , these surface fields are approximated by those of the corresponding infinite cylinder given in (47)-(52), thus neglecting the contributions from the top and bottom faces. Cylindrical coordinates {ρ , φ , z } are chosen for performing the surface integration since they are matched best to the geometry under consideration. Due to the usage of the circumscribing circular cylinder n reduces to n = e ρ in (53). The Green's dyad G( r , r ) , occurring in Huygens' principle (53), is given by [31] G r , r = I + 1
with the scalar Green's function
Since we are only interested in scattering quantities that are defined in the far field of the particle, the far field approximation of E s ( r ) is considered. In this approximation, the scattered field of any finite obstacle represents outgoing spherical waves which are best described in spherical coordinates {r , θ , φ } . Thus, we obtain the following far field expression for the dyadic Green's function which is the only quantity on the right hand side of (53) that depends on the observation point r :
G r , r = { e θ e θ + e φ e φ } e jk0r 4πr e −jk0 e r · r .
It's straightforward to show from (56) that
The scalar product e r · r in equations (56) and (57) between vectors given in spherical and cylindrical coordinates provides
Similar scalar products are obtained when inserting equations (47)-(52) and (56)-(57) into (53):
Now we are able to calculate the surface integral of Huygens' principle. After performing the z -integration over the finite cylinder length l the following φ -integrals remain:
They can be analytically calculated resulting in
Finally, the following approximation for the scattered far field of a finite cylinder with an arbitrary cross-section in the body frame is obtained:
This is in correspondence with the result published in [26] but with coefficients c α and d α obtained from the non-circular cylinder. From infinitely extended cylinders it is known that the scattered field concentrates on a cone defined by θ p (see Figure 1) . Our approximation reveals a similar behaviour if increasing the cylinder length l up to infinity. In this case the l-dependent factor in (70) becomes
Of course, the calculation of differential scattering cross-sections makes no sense due to the δ -dependence of the field components. However, reasonable total cross-sections are obtained by integration over θ . Now, let's see what happens with (70) if θ = θ p is chosen for a finite length. By use of the relation
we end up with
Apart from the radial dependence, the remaining expression is proportional to what is known from the infinitely extended cylinder (see [32] and [20] ). The expressions derived so far are valid within the body frame. Since all scattering quantities are considered within the laboratory frame, the field in equation (70) has to be transformed back into this system by
Moreover, the scattering quantities will be defined in the reference plane (xz-plane with φ = 0 and π) so that the functions W ij (i, j = 1, 2) are given by 
Again, the A ij (i, j = 1, 2, 3) are the elements of the Euler matrix (12) . The corresponding variables transformation reads as follows:
Now we define horizontally and vertically polarized components of the scattered far field with respect to the reference plane,
Then, the scattering amplitude matrix f that relates these components to the polarized incident field (9) and (10) by the definition
has within our approximation the form:
Note that the amplitudes are functions of the scattering angle θ in the laboratory frame by the relations (76)-(81) for a fixed particle orientation. All other scattering quantities of interest can be calculated on the basis of the matrix f . It is possible to compare f hh and f vv with the results derived by van de Hulst [24] for perpendicular incidence on finitely approximated circular cylinders. For this, we have to consider the special orientation (φ p = θ p = π/2) . Together with the restriction to the scattering plane (φ = 0 and π) it follows that θ = π/2 . Taking this in (85) and (88) into account, and using (72) we get:
The upper sign holds for φ = 0 , and the lower for φ = π . These expressions are proportional to van de Hulst's amplitude function S .
VERIFICATION AND APPLICATION OF THE APPROXIMATION
To estimate the approximation derived in the previous chapter the finite circular cylinder can be used as a benchmark geometry. Due to its axisymmetric structure, a rigorous analysis is possible by application of the T-matrix approach in spherical coordinates, for instance. Exact results for circular cylinders with different length can be found in [13, 14, 33] . These are taken for a comparison of our approximation. The size parameter is k 0 · a = 2.75 , and for the refractive index we have n = 1.31 . This refractive index is a representative value for light scattering on pure ice crystals in the visible. Both, fixed and random orientations were considered. In the first case, the cylinder . Please note that, in what follows, the aspect ratio is defined as the ratio of the cylindrical length to the largest diameter of the cross-section. The differential scattering cross-sections dσ vv /dΩ and dσ hh /dΩ as well as the elements of the Stokes matrix S are defined according to [14, 33] . For the special single scattering orientation in Figures 2-4 aspect ratio and equal to those of the corresponding infinite cylinder.
For an aspect ratio of 1.0 (Figure 2) , differences between the approximate results and those of the exact method can be especially observed in the back scattering region. These differences vanish to a great extent at the aspect ratio of 3.0 ( Figure 3 ) and become even smaller if 5.0 is chosen (Figure 4 ). This indicates that the approximation becomes better with increasing aspect ratio at a given size parameter. The six non-zero phase matrix elements for random orientation, presented in the Figures 5-7 , show a similar behaviour. We find again the tendency that, the greater the aspect ratio the better the approximation matches to the exact results. For an aspect ratio of 3.0, the differences between the exact phase function and our approximation may already be neglectable for many applications, as can be seen from Figure 6 . In this figure there is also given the approximation used in [13] . It shows stronger deviations from the exact phase function than ours. Now, lets turn to the hexagonal cylinder. A circular cylinder with an aspect ratio of 3.0, a size parameter of k 0 · a = 2.75 , and the volume-equivalent hexagonal cylinder of equal length have been treated by use of our approximation. The results for the fixed orientation perpendicular to the reference plane are given in Figure 8 . Significant differences occur only in the back scattering region, especially for dσ hh /dΩ . But, if orientation averaging is considered, as depicted in Figure 9 , we can hardly distinguish between both geometries. This is due to the relatively small size parameter. The scattering behaviour becomes more dependent on the particle geometry with increasing size parameter. This can be seen by comparing Figures 10 and 11 . In Figure 10 , the phase matrix is presented for a hexagonal cylinder of size parameter 60. One major difference to the circular cylinder is the occurrence of the 22 • -halo in the phase function P 11 which can be clearly seen by choosing a linear scale. The volume-equivalent circular cylinder of equal length (aspect ratio 3.0) does not show this feature (Figure 11 ). It is a well established fact that the radiative properties of cirrus clouds are significantly different from that of water clouds. Recent direct measurements of the scattering phase function with a polar nephelometer show an enhanced side scattering at scattering angles of about 100 • for ice clouds [34] . The differences are attributed to distinctions in the microphysical properties. While water droplets are approximately spherical, ice crystals occur in a large variety of nonspherical shapes the basic structure of which is hexagonal. In order to investigate the influence of non-sphericity on the phase function, computations for a typical size distribution of hexagonal ice columns and of surface-equivalent spheres were performed ( Figure 12 ). For this comparison the AVHRR-wavelength of λ = 3.775 µm was chosen. The crystal dimensions and the corresponding particle densities used in our computations can be found in Table 1 . The mentioned phenomenon of an enhanced side scattering in the case of non-spherical particles can be observed within our approximation. Table 1 . Typical dimensions of hexagonal ice columns and corresponding particle densities, after [35] .
CONCLUSIONS
In this contribution, an approximation for scattering on finite noncircular cylinders was presented. It was developed to model the scattering behaviour of hexagonal columns in ice crystal clouds and has already been applied in radiative transfer studies [36] . Characteristic features of hexagonal structures like the 22 • -halo as well as the enhanced side scattering of non-spherical particles are retained within the approximation. It can be successfully applied for aspect ratios as low as about 3 without significant errors. Therefore, this approximation can be used as an adequate tool for certain practical applications.
